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Introduction
A round-robin tournament, also referred to as all-play-all tournament, is a form of competition in which each participant is matched with all other participants in turn. Important scientific applications of round-robin tournaments include the study of voting theory and social choice theory, e.g. for testing the existence of a Condorcet winner. In practice, round-robin tournaments are widely used as an organizational form of competition, particularly in sports. Most sports leagues around the world are -at least partiallyorganized as some version of a round-robin tournament. Prominent examples of double round-robin tournaments include the major European football leagues in England, Spain, Germany, and Italy. Moreover, smaller pure round-robin tournaments are embedded in early stages of many multi-stage sports tournaments, e.g. the first round (group stage) of the FIFA World Cup (since 1950) and UEFA European Championship (since 1980) with four teams per group, or the second round of the FIFA World Cup (1982) with three teams per group.
1 In tournaments with three teams, the natural schedule of the matches is sequential. And even in tournaments with four teams, the matches are mostly scheduled sequentially due to technological constraints (better accessibility) or economic considerations (higher profitability).
One reason for its high popularity may be the common wisdom according to which "a round-robin tournament is the fairest way to determine the champion among a known and fixed number of participants. Each participant, player or team, has equal chances against all other opposites" (Wikipedia 2 , 2016). This paper addresses the question whether this common wisdom is true. Are round-robin tournaments really fair? Or is their sequential structure inherently discriminatory?
Despite the practical and scientific relevance of round-robin tournaments, the economic analysis of sequential contests has mainly focussed on other forms of dynamic battles like elimination tournaments or races.
3 An exemption is the article by Krumer et al. (2017) who investigate the winning probabilities and expected payoffs in sequential round-robin tournaments with three and four symmetric players. The different pairwise matches take place one after the other and the player with the most victories wins the tournament. The authors assume that each single match is organized as an all-payauction and find substantial discrimination by the order of matches in the 1 In January 2017 FIFA decided that, from 2026 on, it will extend its World Cup to 48 teams and organize the first round in form of round-robin tournaments with three teams per group.
2 Accessed at https://en.wikipedia.org/wiki/Round-robin tournament on 16/12/2016 3 The related literature is summarized, for example, by Konrad (2009, Chapter 8) .
2 subgame perfect equilibrium of the sequential game. For example, they show that in the 3-player tournament, the player who competes in the first and last match has a much higher winning probability and expected payoff than the two other players. These findings are in stark contrast to the common wisdom of fairness. The intuition is that the sequential structure implies an asymmetry in intermediate scores which discourages trailing participants from providing equivalent effort. 4 In the model of Krumer et al. (2017) , this discouragement effect is particularly strong because the contest success function of an all-pay auction that determines the players' winning probabilities in each single match of the tournament is fully discriminating in the sense that the player with the highest effort wins for sure. This raises the question whether the sequential round-robin tournament will be fairer if its matches are organized as contests with less discriminating contest success functions.
In this paper, I address the fairness issue under the assumption that the matches of the sequential round-robin tournament are organized as Tullock contests with discriminating powers (i.e. exponents) which are sufficiently low to guarantee the existence of a unique subgame perfect equilibrium in pure strategies. I find that such Tullock tournaments are discriminatory as well. Quantitatively, however, the extent of discrimination by the order of matches is much smaller with Tullock contests than with all-pay auctions. The sequential round-robin tournament with matches organised as Tullock contests is almost fair in the sense that both, the expected payoffs and the winning probabilities do not differ much between players. Intuitively, the discouragement of trailing participants will be mitigated if the respective contests are less discriminating because the winning probability and expected payoff of a player is positive even if he invests less than his opponent.
The asymmetries between the players' expected payoffs and winning probabilities in the subgame perfect equilibrium of round-robin tournaments with Tullock contests differ from those with all-pay auctions not only quantitatively but also qualitatively. For example, in the 3-player tournament with Tullock contests of moderate discriminating power, the player who competes in the first and last match has the lowest winning probability and expected payoff -the diametric result to what Krumer et al. (2017) find for tournaments with all-pay auctions. The analysis shows that the discriminating power of the contest success function impacts not only the extent but also the direction of discrimination within the tournament.
A significant part of the literature on contests deals with the issue of rent dissipation. In a static winner-take-all contest between a finite number of symmetric players, the rent is fully dissipated in an all-pay auction but only partially in a Tullock contest. I show that, by contrast, expected aggregate effort in sequential round-robin tournaments with all-pay auctions may be lower than in sequential round-robin tournaments with Tullock contests due to stronger discouragement effects in the former. This implies that the contest designer can choose sequential round-robin tournaments with Tullock contests which are not only closer but also more intense than sequential round-robin tournaments with all-pay auctions.
The above results of discrimination rely on the assumption that the tournament follows an exogenously fixed sequence of matches. Considering the 3-player tournament, I illustrate that the fairness of the tournament can be easily improved by endogenizing the sequence of matches such that the winner of the first match must play also in the second match -regardless of whether the matches are organized as Tullock contests or all-pay auctions.
In some round-robin tournaments, a tight time schedule does not allow players to adapt their effort level from match to match. Instead, they must fix their investment before the tournament starts and then compete all of their matches at the same level. Considering the 3-player tournament, I show that the requirement of such ex-ante effort provision eliminates any discrimination.
The remainder of this paper is organized as follows. Section 2 describes the general model of the round-robin tournament and its matches. In Section 3 and 4, I analyze round-robin tournaments with three and four players, respectively. Section 5 concludes.
2 The Tournament and the Matches I consider sequential round-robin tournaments with n ∈ {3, 4} symmetric, risk-neutral players. Successively, each player is matched one-to-one with each other player.
5 The player with the most victories out of the n(n−1) 2 different pairwise matches wins the tournament. If there are m ∈ {1, . . . , n} players sharing the maximum number of victories, each of them wins the tournament with probability 1/m. The value of winning the tournament is 5 Notice that, in a round-robin tournament with n ≥ 3 players in which the n(n−1) 2 different pairwise matches are scheduled sequentially, there are S(n) = [1/2·n(n−1)]! n! different sequences except for renaming players. With S(3) = 1, S(4) = 30, and S(5) = 30240, the rapid increase of S(n) in n highlights that a comprehensive analysis of round-robin tournaments with more than four players requires enormous processing power.
4
identical for all players and normalized to 1.
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Each match of the tournament is organized as a Tullock contest between two players, A and B, with linear costs of effort, see e.g. Konrad (2009, Chapter 2.3). More specifically, player A's probability of winning match k is
where x k i denotes the effort of player i ∈ {A, B} in match k, and r ≥ 0 describes the discriminating power of the contest. In the context of rent-seeking, this type of contest success function was introduced by Tullock (1980) and given an axiomatic foundation by Skaperdas (1996) . For r = 0 the players' winning probabilities are independent from efforts and equal 1/2. For r = 1 the contest is also referred to as lottery contest. For r → ∞ the winning probability of the player with the higher investment approaches 1, i.e. the contest success function converges to the perfectly discriminating all-pay auction.
Player A chooses x k A in order to maximize his expected payoff
where w 
is satisfied. I will restrict the analysis below to these cases and compare them to the case in which r → ∞, i.e. the all-pay auction as analyzed by Krumer et al. (2017) . The equilibrium effort levels can then be derived from the necessary conditions
for i, j ∈ {A, B} with i = j. The resulting equilibrium winning probabilities equal
Inserting (3) and (4) into (1) yields the expected equilibrium payoffs.
The Tournament with Three Players
In this section, I consider round-robin tournaments with three players. I first determine the subgame perfect equilibrium of the tournament with an exogenously given sequence of matches organized as Tullock contests, henceforth referred to as Tullock tournaments. I then use the results to discuss the issues of fairness and effort provision, particularly in comparison to tournaments with matches organized as all-pay auctions, henceforth referred to as APA-tournaments.
Tullock tournaments: analysis and equilibria
In the tournament with three players, there is a unique sequence of matches (except for renaming players). Hence, without loss of generality, I consider the sequence in which first player 1 is matched with player 2, second player 1 is matched with player 3, and third player 2 is matched with player 3. The structure of the resulting sequential game is depicted in Figure 1 . The six nodes k ∈ {A, . . . , F } represent the non-trivial combinations for which the winner of the tournament has not yet been determined when the respective match starts.
Figure 1 3-player round-robin tournament with exogenous sequence
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The game is solved by backward induction for its subgame perfect equilibrium, making repeatedly use of equations (3), (4), and (1). Appendix A illustrates this procedure step by step for r = 1, i.e. for the tournament with matches organized as lottery contests, henceforth referred to as lottery tournament (LC). It turns out that condition (2) for the existence of a Nash equilibrium in pure strategies will be satisfied in each match of the tournament 7 (and thus the tournament will have a unique subgame perfect equilibrium in pure strategies) if and only if the discriminating power does not exceed the thresholdr ≈ 1.383, implicitly defined byr = 1 + 1/2r. Therefore, I restrict the following analysis to r ≤r.
Figure 2 (3) displays the equilibrium values of the players' ex-ante winning probabilities (expected payoffs) as functions of the discriminating power r.
8 Four observations are striking. First, in contrast to common wisdom, whenever the contest success function has positive discriminating power, the tournament is discriminatory: there is no r > 0 such that the ex-ante winning probabilities or expected payoffs of all three players coincide. Second, the level of discrimination increases with the discriminating power of the contest success function: the relative standard deviation of ex-ante winning probabilities (expected payoffs) increases monotonically from 0% for r = 0 to 10.53% (36.66%) for r = 1.38. Third, these figures show that, whenever the discriminating power of the contest success function is sufficiently low to guarantee a unique subgame perfect equilibrium in pure strategies, the extent of discrimination is small. Finally, not only the level but also the direction of discrimination varies with the discriminating power of the contest success function: If r is below (above) a certain threshold, player 3 (1) has the highest ex-ante winning probability and expected payoff. I summarize these results in Proposition 1 Suppose that r ≤r. Then the sequential round-robin tournament with three symmetric players and matches organized as Tullock contests has a unique subgame perfect equilibrium with the following properties:
(a) If r > 0, the tournament is discriminatory.
(b) The level of discrimination as measured by the relative standard deviation of ex-ante winning probabilities (expected payoffs) increases in r.
7 In fact, the smallest ratio (d) If r is below (above) a certain thresholdr, player 3 (1) has the highest ex-ante winning probability and expected payoff.
Fairness
From the viewpoint of contest design, the fairness of competition, also referred to as competitive balance, is not only a matter of justice but also a marketing instrument that helps to create thrill and attract attention. For example, attracting more viewers and thereby sponsors, a closer sports tournament may also yield higher revenues and profits (Szymanski and Késenne, 2004) . In this subsection, I discuss the fairness issue in more detail.
Tullock tornaments vs. APA-tournaments
In comparison to the findings by Krumer et al. (2017) for matches organized as all-pay auctions, the results for matches organized as lottery contests differ fundamentally in both, the quality and the quantity of discrimination induced by the sequential order of matches. The columns labelled exogenous of Tables 1 and 2 summarize the equilibrium values of the players' ex-ante winning probabilities and expected payoffs for the APA-tournament (Krumer et al., 2017 ) and the Lottery tournament (LC), i.e. the Tullock tournament with r = 1. Quantitatively, the APA-tournament is much more discriminatory than any Tullock tournament with r ≤r: While the relative standard deviation of ex-ante winning probabilities (expected payoffs) varies between 0% and 10.53% (36.66%) for the Tullock tournaments, the relative standard deviation Proposition 2 Suppose that there are 3 symmetric players and r ≤r. Then the Tullock tournament is less discriminatory than the APA-tournament as measured by both, the relative standard deviation of ex-ante winning probabilities and the relative standard deviation of ex-ante expected payoffs.
Qualitatively, in the APA-tournament, the player who competes in the first and last match (player 2) has the highest winning probability and expected payoff by far, whereas the player who competes in the two last matches (player 3) has the lowest winning probability and expected payoff. By contrast, as Figures 2 and 3 show, player 2 will be the least favored player for Tullock contests with sufficiently large r, and player 3 will be the most favored player for Tullock contests with sufficiently small r. The intuition is that the sequential structure implies an asymmetry in intermediate scores that discourages trailing players from providing equivalent effort. In the APA-tournament, this discouragement effect is particularly strong due to the perfectly discriminating character of the all-pay auction. For example, when player 3 plays against the looser of the first match in the second match (node D), he does not spend any effort because he already knows that his expected payoff from playing against the winner of the first match in match
Endogenous sequences
The last observation suggests that the discouragement of player 3 may be substantially reduced if he does not face the winner of the first match in match 3. Thus, an endogenous sequence of matches in which player 3 always faces the winner of the first match in match 2 and the loser of the first match in match 3, referred to as winner first (WF) and depicted in Figure 4 , may significantly increase the fairness of the contest.
10 Considering the endogenous Tables  1 and 2. 12 Indeed, the results demonstrate that endogenizing the sequence significantly decreases the level of discrimination in both cases: In the APAtournament, the relative standard deviation of ex-ante winning probabilities (expected payoffs) drops from 74.43% to 6.43% (108.01% to 0%), and in the lottery tournament from 6.12% to 2.30% (10.27% to 3.00%).
Proposition 3 Suppose that there are 3 symmetric players and r ∈ {1, ∞}. Then the round-robin tournament with an endogenous WF-sequence is less discriminatory than the round-robin tournament with an exogenous sequence.
Ex-ante effort provision
The previous analysis has assumed that players are able to choose matchdependent effort levels, i.e. effort levels that may vary from match to match in the course of the tournament. If effort is interpreted as preparation time, e.g. days or weeks spent in a training camp in order to reach a certain fitness level, however, the schedule of many tournaments in sports does not allow players to adjust this level from match to match. Instead, players must decide beforehand how much time they invest in preparation and, once the tournament has started, compete in all of their matches with the same fitness level acquired.
I illustrate the impact of such ex-ante effort provision reconsidering the Tullock tournament with three players and an exogenous sequence of matches (Figure 1 ), but now assuming that the players must choose a single effort level for both of their matches before the tournament starts. Despite the fact that the order of their matches is asymmetric by the very nature of the tournament, the players' objective functions are then symmetric. It is straightforward to show that player i's expected payoff equals = 0 imply x i = r/4 for all i ∈ {1, 2, 3} in any symmetric pure-strategy Nash equilibrium. For r ≤ 4/3, the players' resulting expected payoffs are non-negative and the sufficient condition for a Nash equilibrium in pure strategies is met.
Proposition 4
The sequential round-robin tournament with three symmetric players and ex-ante effort provision will be perfectly fair if its matches are organized as Tullock contests. For r ≤ 4/3, a symmetric Nash equilibrium in pure strategies exists with x i = r/4 for all i ∈ {1, 2, 3}.
Aggregate effort
A major part of the literature on contests deals with the issue of rent dissipation, i.e. with the question how much of the rent is dissipated in form of aggregate effort in the course of the contest. Depending on the viewpoint of the contest designer, aggregate effort may be regarded as a waste of resources, e.g. in in political or military conflicts, or a valuable input that intensifies competition and attracts attention, like in sports or music contests. In this subsection, I compare aggregate effort provision for different forms of competition between three symmetric players.
Tullock tornaments vs. APA-tournaments
In a static winner-take-all contest between three symmetric players, the rent is fully dissipated in an all-pay auction but only partially in a Tullock contest. If the rent is normalized to 1, the expected aggregate effort in a mixedstrategy Nash equilibrium of the all-pay auction equals 1. In the unique pure-strategy Nash equilibrium of the lottery contest, each player invests 2/9, so aggregate effort equals 2/3. Thus, the static competition of an allpay auction is more intense than that of a lottery contest.
By contrast, expected aggregate effort in sequential round-robin tournaments with all-pay auctions may be lower than in sequential round-robin tournaments with Tullock contests due to stronger discouragement effects in the former. For example, Table 2 shows that, for three players and an exogenous sequence of matches, the aggregate expected payoffs are larger and hence aggregate expected efforts are smaller in the APA-tournament than in the lottery tournament. Furthermore, Figure 3 implies that this result holds for the comparison of the APA-tournament with all Tullock tournaments with a discriminating power between a certain thresholdr andr.
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Proposition 5 Suppose that there are 3 symmetric players, an exogenous sequence of matches, and r ≤r. Then expected aggregate effort is smaller in the APA-tournament than in the Tullock tournament if r exceeds a certain thresholdr < 1. This implies that, for competition between three symmetric players, the contest designer can choose sequential round-robin tournaments with Tullock contests which are not only more balanced but also more intense than sequential round-robin tournaments with all-pay auctions.
Endogenous sequences
Table 2 also shows that, for three players and the endogenous WF-sequence of matches, the intensity of both the APA-tournament and the lottery tournament increases. In fact, in the APA-tournament the rent is fully dissipated (as it is in the static all-pay auction), i.e. for the the endogenous WF-sequence the APA-tournament is more intense than the lottery tournament.
Proposition 6 Suppose that there are 3 symmetric players and r ∈ {1, ∞}. Then the round-robin tournament with an endogenous WF-sequence is more intense than the round-robin tournament with an exogenous sequence. Moreover, with an endogenous WF-sequence, expected aggregate effort in the APAtournament equals the rent and is larger than in the lottery tournament. 13 The simulations show thatr ≈ 0.72.
For competition between three symmetric players, this implies that the contest designer can improve both, the fairness and the intensity of competition, by using the endogenous WF-sequence instead of the exogenous sequence of matches. Notice, however, that for both, the exogenous and the endogenous WF-sequence, aggregate expected effort in the round-robin tournament with three symmetric players is never larger than in the respective static contest.
The Tournament with Four Players
In this section, I consider round-robin tournaments with four players. For the sake of concreteness, I focus on lottery tournaments, i.e. I assume r = 1.
14 Again, I first determine the subgame perfect equilibrium of the tournament with a certain exogenously given sequence of matches organized as lottery contests, and then use the results to discuss the issues of fairness and effort provision, particularly in comparison to the respective APA-tournament.
Lottery tournament: analysis and equilibrium
In the tournament with four players, 30 different exogenous sequences of matches (except for renaming players) may be considered. Due to their empirical predominance, I follow Krumer et al. (2017) and focus primarily on 4-player tournaments that are organized in three consecutive rounds of two sequential matches with disjunct players. Under this restriction, there is always one player who has the first match in the first and second round and one player who has the second match in the first and second round. Hence, without further loss of generality, the analysis can be restricted to two possible sequences that differ only in the order of the matches in the third round.
In what follows, I present only the analysis for the sequence in which player 1 has the first match in all three rounds. More precisely, first player 1 is matched with player 2, second player 3 is matched with player 4, third player 1 is matched with player 3, fourth player 2 is matched with player 4, fifth player 1 is matched with player 4, and sixth player 2 is matched with player 3. 15 The structure of the resulting sequential game is depicted 14 As in the case with three players, simulations show that similar results hold for all r sufficiently small for a subgame perfect equilibrium in pure strategies to exist. Details are provided by the author upon request.
15 Krumer et al. (2017) refer to this sequence as case A. Just as in their paper, the analysis of the sequence in which the order of the last two matches is reversed (case B) leads to the same outcome as in case A, confirming their invariance result. The calculations are provided upon request.
in Figure 5 in Appendix C. 16 The nodes k ∈ {1, . . . , 55} represent the nontrivial combinations for which the winner of the tournament has not yet been determined when the respective match starts.
Again I solve the game by backward induction for its subgame perfect equilibrium, making repeatedly use of equations (3) Proposition 7 In the unique subgame perfect equilibrium of the sequential round-robin tournament with four symmetric players and matches organized as lottery contests in one of the sequences A or B, the player who competes in the first matches of each of the first two rounds (player 1) has the lowest probability to win as well as the lowest expected payoff. Quantitatively, however, differences in winning probabilities and expected payoffs are very small, i.e. the tournament is almost fair.
Discussion
Again, in comparison to the findings by Krumer et al. (2017) for matches organized as all-pay auctions, the results for matches organized as lottery contests differ fundamentally in both, the quality and the quantity of discrimination induced by the sequential order of matches. Qualitatively, the player who competes in the first matches of each of the first two rounds (player 1) is the most favored player in all-pay tournaments, whereas he is the least favored player in lottery tournaments. Quantitatively, the relative standard deviations of the ex-ante expected winning probabilities and expected payoffs are much smaller for the lottery tournament than the APA-tournament. Also the results with respect to aggregate expected effort resemble the case with three players: Aggregate ex-ante expected payoffs are smaller and hence aggregate expected efforts are larger in the lottery tournament than in the APA-tournament.
Proposition 8 Suppose that there are 4 symmetric players and an exogenous sequence of matches as in cases A or B. Then the lottery tournament is less discriminatory than the APA-tournament as measured by both, the relative standard deviation of ex-ante winning probabilities and the relative standard deviation of ex-ante expected payoffs. Moreover, the lottery tournament is more intense as measured by ex-ante expected aggregate efforts. Krumer et al. (2017) refer to the result, that the player who competes in the first matches of each of the first two rounds (player 1) is the most favored player for APA-tournaments with exogenous sequences as in cases A and B, as first-mover advantage. In what follows, I show that this notion is misleading. To this end, consider the alternative exogenous sequence of matches in which first player 1 is matched with player 2, second player 1 is matched with player 3, third player 1 is matched with player 4, fourth player 2 is matched with player 3, fifth player 2 is matched with player 4, and sixth player 3 is matched with player 4. I refer to this alternative exogenous sequence, in which player 1 has his three matches as early as possible, as case C. The respective structure of the tournament is depicted in Figure 6 in Appendix C.
Replicating the above calculations for the lottery tournament as well as those in Krumer et al. (2017) for the APA-tournament yields the equilibrium values of the ex-ante winning probabilities and expected payoffs displayed in the columns labelled Case C of Tables 3 and 4. 17 It becomes clear that player 1 neither has the highest ex-ante expected winning probability nor the highest ex-ante expected payoff despite the fact that he makes the first three moves, i.e. takes part in the first three matches. In the lottery tournament of case C, he is even the least favored player. The example illustrates that finding a general rule about the direction of discrimination in sequential round robin tournaments with (more than) four players is a non-trivial task. It seems, however, to be a general rule that the lottery tournament (or more generally any Tullock tournament with sufficiently low discriminating power r) is less discriminatory than the APA-tournament.
Conclusion
I examined sequential round-robin tournaments with three and four symmetric players in which each player is matched once with each other player. I showed that if the matches are organized as Tullock contests (all-pay auctions), the tournament will be almost fair (highly discriminatory): Subject to the position of their matches in the sequence of the tournament, the differences in players' ex-ante winning probabilities and expected payoffs will be small (large). The differing results originate from the higher discriminating power of the all-pay auction. Moreover, the resulting discouragement effect in tournaments with all-pay auctions implies lower aggregate effort than in tournaments with Tullock contests.
Because most contests in sports inherently contain some source of randomness, the highest effort does not always prevail. A less than fully discriminating contest success function may, hence, be a more suitable description of real competition in sports. Moreover, the schedule of many tournaments requires that participants fix (a major part of) their effort in advance. In this sense, discrimination by the order of matches in sequential round-robin tournaments seems to be a minor problem in practice.
This conclusion is challenged in a recent working paper by Krumer and Lechner (2016) who find some empirical evidence for discrimination in roundrobin sports tournaments. The data they use does, however, not perfectly fit the model presented here. Laboratory experiments may help to better control the data generating process and test some of the paper's theoretical predictions. In node A, player 2 has won the first match and player 3 has won the second match. Thus w Moreover, player 3's expected payoff equals
and the players' ex-ante winning probabilities are given by 
